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ABSTRACT
We study the S-matrix elements of the gauge invariant operators corresponding to on-shell
closed strings, in open string field theory. In particular, we calculate the tree level S-matrix
element of two arbitrary closed strings, and the S-matrix element of one closed string and
two open strings. By mapping the world-sheet of these amplitudes to the upper half z-
plane, and by evaluating explicitly the correlators in the ghost part, we show that these
S-matrix elements are exactly identical to the corresponding disk level S-matrix elements in
perturbative string theory.
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1 Introduction
The open string tachyon condensation has attracted much interest recently. Regarding the
recent development in string field theory (see, for example, [1] and [2] and their references),
it is fair to say that the Open String Field Theory (OSFT) framework [3] might provide
a direct approach to the study of open string tachyon and could give striking evidence for
the tachyon condensation conjecture [4]. This framework is also appropriate for perturbative
computation of various open string S-matrix elements [5, 6, 7]. There are several methods for
evaluating the S-matrix elements [8, 9], however, there is one which is suitable for analytic
computation. This method which is based on conformal mapping technique, has been used
to compute explicitly the Veneziano amplitude [10, 11, 12]. Furthermore, it has been shown
that any loop amplitude can be evaluated with this method [13, 14].
On the other hand, the most difficult part of the Sen’s conjecture [4] is to understand how
the closed strings emerge in the true vacuum of tachyon potential. So it would be a natural
question to ask how the closed strings appear in the OSFT. In fact, it has been shown that
the off-shell closed strings arise in the OSFT because certain one-loop open string diagrams
can be cut in a manner that produces closed string poles [15, 16]. Unitarity then implies that
they should also appear as asymptotic states. Closed string in the OSFT has been studied
in several papers including [17, 18, 19, 20].
In another attempt to incorporate the closed string into the OSFT, some gauge invariant
operators have been added into the OSFT [21, 22]. These operators which are parameterized
by closed string vertex operators, add on-shell closed strings into the OSFT. It has been
suggested in [21, 22] that the S-matrix elements of these gauge invariant operators could
be interpreted as the scattering amplitude of their corresponding closed strings off a D-
brane. The S-matrix element of two such operators has been calculated and shown that the
amplitude produces correctly the pole structure of the scattering amplitude of two closed
strings off a D-brane in the perturbative string theory [23]. Similar analysis has been done for
the S-matric element of one gauge invariant operator and two open string vertex operators
[24]. In these papers [23, 24], however, the truncation method (up to level two) has been
used to calculate the amplitudes in the OSFT side.
The first exact computation of the S-matrix elements of the gauge invariant operators
which is based on the conformal mapping technique, appears in [25]. In this paper, the
S-matrix element of two tachyon operators has been calculated and shown to be in full
agreement with the scattering amplitude of two closed string tachyons off a D-brane in
perturbative string theory. The goal of the present paper is to use the conformal mapping
technique to evaluate the S-matrix element of two arbitrary closed string operators, and the
1
S-matrix element of one arbitrary closed string operator and two arbitrary open string vertex
operators.
In the next section, we will briefly review the OSFT and the gauge invariant operators.
In section 3, we shall study the S-matrix element of two such operators. By mapping the
world-sheet of the amplitude to the upper half z-plane and by evaluating explicitly the
ghost correlators in the z-plane, we shall show that the S-matrix element converts exactly
to the scattering amplitude of two closed string states off a D-brane in perturbative string
theory. In section 4, we shall study the S-matrix element of one closed string operator and
two open strings vertex operators. Here also, by mapping the world-sheet of the amplitude
to the upper half z-plane and by performing the ghost correlators, we shall show that the
amplitude reproduces exactly the amplitude describing the decay of two open strings to one
closed string.
2 Review of Open String Field Theory
The OSFT is given by the following action [3]:
Sopen(Ψ) = − 1
2α′
∫
Ψ ∗QΨ− g◦
3α′
∫
Ψ ∗Ψ ∗Ψ , (2.1)
where Q is the BRST charge with ghost number one, the open string field Ψ is a ghost number
one state in the Hilbert space of the first-quantized string theory, and g◦ is the open string
coupling. This action is invariant under the gauge transformation δΨ = QΛ+g◦(Ψ∗Λ−Λ∗Ψ).
The gauge invariant operators in the OSFT have been constructed in [21, 22]. General
form of these operators are given by gc
∫
VΨ, where gc is the closed string coupling and V is
an on-shell closed string vertex operator with conformal dimension (0,0) and ghost number
two. In order to be gauge invariant, the closed string vertex operator has to be inserted at
the midpoint of open string.
This form of gauge invariant operator can be understood from the closed/open vertex
studied in [20]. It was shown that the extended OSFT with the action
S = − 1
2α′
(∫
Ψ ∗QΨ+ 2go
3
Ψ ∗Ψ ∗Ψ
)
+ gc
∫
VΨ , (2.2)
where V is an on-shell closed string vertex defined at the midpoint of the open string, would
provide a theory which covers the full moduli space of the scattering amplitudes of open and
closed string with a boundary [20]. We note, however, that such amplitudes are actually the
closed string scattering off a D-brane. We should then be able to reproduce the closed string
scattering amplitudes in the framework of open string field theory.
2
ρ0
ipi
τ
iσ
−t
closed
string
vertex
closed
string
vertex
−ipi
Cρ
Figure 1: Word-sheet description of two closed string scattering amplitude. Contour Cρ is a
path for ghost integration.
To make sense of the abstract form of the action, one may use the Fock space represen-
tation,
S(|Ψ〉) = − 1
2α′
〈Ψ|Q|Ψ〉 − g◦
3α′
〈V123||Ψ〉1|Ψ〉2|Ψ〉3 + gc〈I|V (pi
2
)|Ψ〉 , (2.3)
where |V123〉 is the 3-point vertex operator. We will carry out the gauge-fixing by choosing
the so-called Feynman-Siegel gauge b◦|Ψ〉 = 0. In this gauge, the BRST charge in the
kinetic-energy term has a simple form,
Q = c0L0 .
The inverse of this operator is regarded as propagator, i.e.,
1
Q
= b0
∫
∞
0
dte−tL0 , (2.4)
where the modular parameter t is the length of the propagating open string. In the last
term in (2.3), |I〉 is the identity string field which operates as gluing the two halves of the
string together. Hence, the open-closed vertex has the following geometrical interpretation:
a closed string vertex operator is inserted in the midpoint of the open string and then the
two halves of string are sewed together.
3 Two closed string amplitudes
Now using the Feynman rules in the previous section, we can calculate S-matrix elements
of any closed or open string. As has been mentioned before, the S-matric element of two
3
closed string tachyon operators has been calculated in [25]. The authors in [25] have used the
conformal mapping method to calculate the amplitude exactly. Their result is exactly the
same as the scattering amplitude of two closed string tachyons off a D-brane in perturbative
string theory. However, in this section we use a conformal map which is slightly different
from the one used in [25], and we show that the S-matrix element of any two closed strings
is exactly equal to the corresponding amplitude in perturbative bosonic string theory.
The world-sheet of this scattering is shown in Fig.1. It is simply a finite length strip
(open string propagator) where an identity operation acts at each of the two points, τ = 0
and τ = −t. The two closed string vertices should be inserted at two singular midpoints.
Using the propagator (2.4) one may write the amplitude as 1:
AOcOc =
∫
∞
0
dt〈V12|b0e−tL
(2)
0 |Oc〉1|Oc〉2 , (3.1)
where |V12〉 is the 2-point vertex operator and |Oc〉 ≡ VOc( ipi2 )|I〉 defines a closed string state.
The above amplitude can be written in terms of CFT correlation functions in the ρ-plane as
AOcOc =
∫
∞
0
dt
∫
Cρ
dρ
2pii
〈bρρ(ρ)V1Oc(
ipi
2
)V2Oc(
ipi
2
− t)〉ρ , (3.2)
where we have used b0 =
∫
Cρ
dρ
2pii
bρρ(ρ) and the contour Cρ is from −ipi to ipi. In writing this
relation we have used the doubling trick bρ¯ρ¯(ρ¯) = bρρ(ρ¯) as well. The closed string vertex
operator is
VOc(ρ) = C(ρ)C¯(ρ¯)Oc(ρ, ρ¯) , (3.3)
where Oc is the matter part of the vertex operator. Using the fact that world-sheet propa-
gators have simple forms in the upper half z-plane, one usually maps the world-sheet Fig.1
to the upper half z-plane. A map which does this has been given in [25] to calculate the am-
plitude for two tachyons. However, we will map this world-sheet to the z-plane in a slightly
different way which makes us able to conclude that the amplitude of any two closed strings
is the same as the corresponding amplitude in perturbative string theory.
3.1 Conformal mapping
By cutting the Riemann world-sheet along the line joining the two singular pints, we can
divide it into two similar rectangles, with no singularity therein. We call them ABCD and
A′B′C ′D′. The rectangle ABCD is shown in Fig.2. Gluing segments BC to B′C ′, CD to
1The coupling constants g◦ and gc appear as multiplication factors in amplitudes. However, for simplicity
we will ignore them hereafter.
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Figure 2: Half part of the Riemann surface depicted in Fig. 1.
C ′D′, and DA to D′A′, one will restore the original world-sheet in Fig.1. The basic idea of
mapping the world-sheet to z-plane is to find a map which brings the upper right half z-plane
to the rectangle ABCD and the upper left half z-plane to the rectangle A′B′C ′D′ in such a
way that the image of segments BCDA and B′C ′D′A′ each separately covers the imaginary
axis completely. Since the imaginary axis is common between upper right half z-plane and
upper left half z-plane, this axis shows the gluing part of the original world-sheet in Fig.1.
Now we try to find the map in two steps. Firstly, the Schwarz-Christoffel method tells
us how to find the map ρ(w), which brings the upper half w-plane into the interior of
any polygon, so that the image of real axis covers the circumference of the polygon once.
Derivative of this map is dρ
dw
= N
2
∏i=m
i=1 (w−wi)ai where wi’s are images of the vertices of the
polygon, and N is a constant. Edges of the vertex i rotate through the angle aipi which is
positive (negative) for counterclockwise (clockwise) direction. For the rectangle ABCD in
Fig.2 this becomes
dρ
dw
=
N
2
1√
w
√
w + β2
√
w + 1
, (3.4)
in which we have assumed that points ∞, 0, −β2, and −1 on the w-plane are images of
vertices A, B, C, and D, respectively (see Fig.3). Note that the SL(2, R) symmetry of the
upper half w-plane allows us to set three points fixed. We chose them to be the images
of A and B, and D2. Using the fact that all points at infinity are coincident, the above
transformation maps segment BCDA to the negative real axis of the w-plane. The square
roots in the denominator of (3.4) come from the fact that all edges of the rectangle rotate
pi/2 clockwise. We have also absorbed the constant 1/
√
w −∞ in N . We shall find the
constant N shortly.
The second step is to find a transformation which maps the upper half w-plane to the
2If one assumes that points ∞, 0, −β2, and −1/β2 on the w-plane are images of vertices A, B, C, and D,
respectively, then one would recover the map used in [25]. In that case, SL(2, R) symmetry of the upper half
w-plane is fixed by fixing the images of A and B, and fixing the relation between the two remaining vertices.
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Figure 3: Image of the rectangle depicted in Fig. 2 on the w-plane.
right hand side of the upper half z-plane. This map is simply w = z2. Combining the two
transformations ρ(w) and w(z) will bring the right hand side of the upper half z-plane to the
rectangle ABCD such that the imaginary axis of the z-plane maps to the segment BCDA,
as required. The map is then,
ρ(z) =
∫ (
dρ
dw
)(
dw
dz
)
dz
= N
∫ z
z0
dz√
z2 + β2
√
z2 + 1
. (3.5)
As shown in the Fig.4, images of the vertices on the z-plane are ∞, 0, iβ, and i. In above
equation z0 is a constant in which we are not interested. The same map will bring the upper
left hand side of z-plane to the rectangle A′B′C ′D′ in which the imaginary axis is mapped
to segment B′C ′D′A′. Therefore, one recovers the original world-sheet in Fig.1 in which the
segments BCDA and B′C ′D′A′ are glued together.
To find the constant N , we use the fact that the length of segment BC must be equal to
pi/2. This gives
ρ(iβ)− ρ(0) = N
∫ iβ
0
dz√
z2 + β2
√
z2 + 1
=
ipi
2
.
Using the change of variable as u = z/(iβ), this integral becomes of the form of a complete
elliptic integral of the first kind 3[27]. Hence, one finds,
N =
pi
2K(m)
, (3.6)
where m = β2.
The idea of conformal mapping is to map the positions of all operators in (3.2) to the
z-plane, and also change the modular parameter t to the modular parameter β which is the
3K(m) =
∫ 1
0
du 1√
1−u2
√
1−mu2
6
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Figure 4: Upper half z-plane description of the world-sheet in Fig. 1. The conformal map
(3.5) transforms the z-plane to the Riemann surface depicted in Fig. 1. Contour Cz is a path
for ghost integration.
position of one of the vertex operators. To find this relation between β and t, we use the
fact that the length of segment CD is equal to t, that is,
ρ(i)− ρ(iβ) = N
∫ i
iβ
dz√
z2 + β2
√
z2 + 1
= t .
Using (3.6) and changing the variable as u2 = (1+z2)/(1−β2), one finds an explicit relation,
piK(m′)
2K(m)
= t , (3.7)
in which m′ = 1−m. It is easy to see that β goes to zero when t→∞, and goes to one as
t→ 0. Using the derivative formula
dK(m)/dm = [E(m)−m′K(m)]/2mm′ , (3.8)
where E is the complete elliptic integral of the second kind, and the Legendre’s relation,
E(m′)K(m)−K(m′)K(m) + E(m)K(m′) = pi/2 , (3.9)
one can easily differentiate (3.7) to get,
dt = − (pi/2)
2
K2(m)β(1− β2)dβ . (3.10)
Note that the non trivial function K(m) appears in the Jacobian of the transformation.
However, as we shall see shortly, this function does not appear in the final amplitude.
Finally, using the fact that the anti-ghost field bρρ has conformal weight 2, one can write
the following transformation:∫
Cρ
dρ
2pii
bρρ(ρ) =
∮
Cz
dz
2pii
(
dz
dρ
)
bzz(z) . (3.11)
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Now, using equations (3.11) and (3.10), and using the fact that vertex 1 (2) at point ipi/2
( ipi/2 − t) in the ρ-plane is mapped to i ( iβ) in the z-plane, one can write the scattering
amplitude (3.2) in the z-plane as
AOcOc =
∫
1
0
dβ〈O1c(i,−i)O2c(iβ,−iβ)〉z (3.12)
× (pi/2)
2
β(1− β2)K2(m)
∮
Cz
dz
2pii
(
dz
dρ
)
〈C(i)C¯(−i)b(z)C(iβ)C¯(−iβ)〉z ,
where b(z) = bzz(z).
Using the doubling trick C¯(z¯) = C(z¯), the two-point function 〈b(z)C(z′)〉 = 1/(z − z′),
and the relation 〈C(z1)C(z2)C(z3)〉 = (z1 − z2)(z2 − z3)(z1 − z3), one finds
〈C(i)C¯(−i)b(z)C(iβ)C¯(−iβ)〉z = − 4β(1− β
2)2
(z2 + β2)(z2 + 1)
. (3.13)
Inserting this in the integral (3.12), and using equations (3.5) and (3.6), one can perform
the z-integration in (3.12). The result is
AOcOc = −4
∫
1
0
dβ (1− β2)〈O1c(i,−i)O2c(iβ,−iβ)〉z , (3.14)
where we have used the formula
1
2pii
∮
Cz
dz√
(z2 + β2)(z2 + 1)
=
2
pi
∫
1
0
du√
(1− u2)(1− β2u2)
=
2K(m)
pi
. (3.15)
In finding the above formula, we have used the fact that the contour Cz includes the two
singular points z = iβ and z = −iβ. As we have mentioned before, the function K(m) does
not appear in the final amplitude (3.14).
On the other hand, the S-matrix element describing the scattering amplitude of two
arbitrary closed string states off a D-brane in perturbative string theory is given by the
following correlation function in the z-plane:
AOcOc ∼
∫
d2z1d
2z2〈O1c(z1, z¯1)O2c(z2, z¯2)〉z . (3.16)
The integrand has SL(2,R) symmetry. Gauging this symmetry by fixing z1 = i and z2 = iβ,
one finds [26] ∫
d2z1d
2z2 −→
∫
1
0
dβ (1− β2) . (3.17)
This makes the amplitude (3.16) to be exactly like the amplitude in (3.14). This completes
our illustration of the equality between the tree level S-matrix elements involving two arbi-
trary closed string states in the OSFT and the corresponding disk level S-matrix elements
in perturbative string theory.
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Figure 5: Word-sheet description of one closed and two open string scattering amplitude.
Contour Cρ is a path for ghost integration.
4 One closed and two open strings amplitudes
The more involved amplitude is the S-matrix element of one closed and two open strings.
World-sheet description for this process is depicted in Fig.5. Two on-shell open strings (semi-
infinite strip) and one off-shell open string (finite length strip) are gluing together at τ = 0,
according to the Witten’s way of joining strings [3]. At time τ = −t, where t is between
0 and ∞, a closed string vertex operator is inserted on the singular midpoint generated by
the identity operator acting on string 3. Using the propagator (2.4), one may write the
amplitude as:
AOoOoOc =
∫
∞
0
dt〈V123|b0e−tL
(3)
0 |Oo〉1|Oo〉2|Oc〉3 , (4.1)
where |V123〉 is the 3-point vertex operator, and |Oo〉 is an open string state. The above
amplitude can be written in terms of CFT correlation functions in the ρ-plane as
AOoOoOc =
∫
∞
0
dt
∫
Cρ
dρ
2pii
〈bρρ(ρ)V1Oo(∞)V2Oo(∞)V3Oc(
ipi
2
− t)〉ρ . (4.2)
The closed string vertex operator is given in (3.3), and the open string vertex operator is
VOo(ρ) = C(ρ)Oo(ρ) , (4.3)
where Oo is the matter part of the open string vertex operator. Searching for a suitable
transformation that maps the world-sheet to the upper half z-plane, is a crucial step for
performing the above CFT computations. We will follow the same strategy as in the previous
section.
9
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Figure 6: Half part of the Riemann surface depicted in Fig. 5.
4.1 Conformal Mapping
As in the two closed strings case, here also we face a Riemann surface with two singular
points. By cutting the world-sheet along the line joining the two singular pints, we can
divide it into two similar pentagons, with no singularity therein. We call them ABCDE
and A′B′C ′D′E ′. One of these degenerated pentagons is depicted in Fig. 6. Vertex A goes
to plus infinity. Joining the two pentagons along the segments BCDE and B′C ′D′E ′ will
restore the original world sheet. We should find a map ρ(z) which brings the upper right
half z-plane to one pentagon, so that the image of segment BCDE covers the imaginary axis
completely. Again we do it in two steps. By the Schwarz-Christoffel method we can find the
map ρ(w), which brings the upper half w-plane into the interior of the pentagon. Regarding
all exterior angles, one can write
dρ
dw
=
N
2
√
w + α2√
w
√
w + β2(w − 1) , (4.4)
in which we assume that points 1, 0, −β2, −α2 and −∞ on the w-plane are images of vertices
A, B, C, D and E, respectively ( see Fig.7).
Combining ρ(w) with transformation w = z2, one finds ρ(z):
ρ(z) = N
∫ z
z0
dz
√
z2 + α2√
z2 + β2(z2 − 1) . (4.5)
As shown in the Fig.8, images of the pentagon vertices on the z-plane are 1, 0, iβ, iα and
+∞. To find the constant N , one may consider the fact that the weight of strip 2 at A must
be equal to pi. This gives ∫
dz(
dρ
dz
) = ipi ,
where the integration is taken along a clockwise semi-contour around the point A in the
upper half z-plane. This indicates that dρ/dz must have a simple pole at z = 1,
10
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Figure 7: Image of the pentagon depicted in Fig. 6 on the w-plane.
dρ
dz
|z=1 = −1
z − 1 .
This requirement will fix the factor N to be
N = −2
√
1 + β2√
1 + α2
.
For the special case that α = β, one has a semi-infinite strip which maps to the right
hand side of the upper half z-plane by ρ(z) = − ln(1− z)+ ln(1+ z). This fixes z0 in (4.5) to
be z0 = 0. This transformation also maps the mid point of the semi-infinite strip to z = i.
The parameters α and β are both functions of t. Hence there should be a relation between
these two parameters. To find this relation, one may consider the condition that the length
of segment BC must be pi/2. This leads to the following constraint equation between α and
β:
f(α, β) =
ipi
2
, (4.6)
where f(α, β) ≡ ρ(iβ)− ρ(0).
Making use of (4.5), one can write f(α, β) as
f(α, β) = N
∫ iβ
0
dz
√
z2 + α2√
z2 + β2(z2 − 1) ,
which can be rewritten in terms of complete elliptic integrals by using the change of variable
u = z/iβ,
f(α, β) = iNα
[
1
α2
∫
1
0
du√
1− u2√1−mu2 − (1 +
1
α2
)
∫
1
0
du√
1− u2√1−mu2(1− nu2)
]
,
where m = β2/α2 and n = −β2. The first and second integrals are the standard form of
complete elliptic integrals of first and third kind, respectively. Hence,
f(α, β) = iNα
[
1
α2
K(m)− (1 + 1
α2
)Π(n|m)
]
.
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Figure 8: Upper half z-plane description of the world-sheet in Fig. 5. The conformal map
(4.5) transforms the z-plane to the Riemann surface depicted in Fig. 5. Contour Cz is a path
for ghost integration.
Using the Jacobi formula4 it is possible to write Π(n|m) in terms of elliptic integrals of first
and second kind [27]. After some algebra, one gets,
f(α, β) = 2K(m)

iα
√
1 + β2
1 + α2
− Z(φ|m)

 ,
where Z is the Jacobi Zeta function5 [27] and sinφ = iα.
Another constraint equation which sets relation between α, β and t, comes from the
condition that the length of segment CD must be equal to t, that is,
g(α, β) = t , (4.7)
where g(α, β) ≡ ρ(iα)− ρ(iβ).
Using (4.5), one can write g(α, β) as
g(α, β) = N
∫ iα
iβ
dz
√
z2 + α2√
z2 + β2(z2 − 1) .
Again this can be rewritten in terms of complete elliptic integrals using the change of variable
u2 = (α2 + z2)/(α2 − β2),
g(α, β) =
N
α
[∫
1
0
du√
1− u2√1−m′u2 −
∫
1
0
du√
1− u2√1−m′u2(1− n′u2)
]
4Π(n|m) = K(m)− tanφ√
1−n [E(m)F (φ|m)−K(m)E(φ|m)] where φ = sin−1(
√
n
m
)
5Z(φ|m) = E(φ|m)− E(m)
K(m)F (φ|m)
12
=
N
α
[K(m′)−Π(n′|m′)]
= 2K(m′)Z(φ′|m′) ,
where m′ = 1−m, n′ = (α2 − β2)/(1 + α2), and sinφ′ = α/√1 + α2. From above relations,
one can find the boundary value for β. This boundary is β → 0 as t → ∞, and β = α at
t = 0. However, as we have shown before, the point α = β which is the midpoint of the
semi-infinite strip is mapped to z = i. Hence, at t = 0, β → 1.
Making use of the two constraint equations (4.6) and (4.7), one can write the measure
factor dt in terms of dβ, that is,
dt =
(
∂βg − ∂βf
∂αf
∂αg
)
dβ . (4.8)
Using the derivative formulas (3.8) and
dZ(φ|m) =

 12m
(
1− E(m)
m′K(m)
)
Z(φ|m) + E(m) sin(2φ)
4m′K(m)
√
1−m sin2(φ)

 dm
+


√
1−m sin2(φ)− E(m)
K(m)
√
1−m sin2(φ)

 dφ , (4.9)
one can show, after some algebra, that
∂αg =
2
1 + α2
√
1 + β2
1 + α2
K(m′) ,
∂βg =
−2(α/β)√
(1 + α2)(1 + β2)
E(m′) , (4.10)
∂αf =
2i
1 + α2
√
1 + β2
1 + α2
K(m) ,
∂βf =
2i(α/β)√
(1 + α2)(1 + β2)
(E(m)−K(m)) .
Inserting (4.10) into (4.8) and using the identity (3.9), one finds the following relation be-
tween dt and dβ:
dt = − pi(α/β)
K(m)
√
(1 + α2)(1 + β2)
dβ . (4.11)
Now making use of equations (3.11) and (4.11), and use the fact that vertices 1, 2, and
3 are mapped to points -1, 1, and iβ, respectively, one can write the scattering amplitude
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(4.2) in the z-plane as
AOoOoOc =
∫
1
0
dβ〈O1o(−1)O2o(1)O3c(iβ,−iβ)〉z (4.12)
× pi(α/β)
K(m)
√
(1 + α2)(1 + β2)
∮
Cz
dz
2pii
(
dz
dρ
)
〈C(−1)C(1)b(z)C(iβ)C¯(−iβ)〉z .
The correlation in the ghost part can be evaluated. One finds,
〈C(−1)C(1)b(z)C(iβ)C¯(−iβ)〉z = 4iβ(1 + β
2)2
(z2 + β2)(1− z2) . (4.13)
Inserting this into (4.12), using the map (4.5) to evaluate dz
dρ
, and performing the z-integration
using (3.15), one finds finally
AOoOoOc = 4i
∫
1
0
dβ (1 + β2)〈O1o(−1)O2o(1)O3c(iβ,−iβ)〉z . (4.14)
It is interesting to note that here also the non trivial function K(m) which appears in the
measure dt (4.11), is canceled by the same function that results from integration over the
ghost correlators. Similar cancellation happens for the S-matrix element of four tachyons
too [10].
In the perturbative string theory, on the other side, the S-matrix element describing the
decay amplitude of two arbitrary open string states on a D-brane to one arbitrary closed
string state is given by the following correlation function in the z-plane:
AOoOoOc ∼
∫
dx1dx2d
2z3〈O1o(x1)O2o(x2)O3c(z3, z¯3)〉z . (4.15)
The integrand has again SL(2,R) symmetry. Gauging this symmetry by fixing x1 = −1
x2 = 1, and z3 = iβ, one finds [28],∫
dx1dx2d
2z3 −→
∫
1
0
dβ (1 + β2) . (4.16)
This makes the amplitude (4.15) to be exactly like the amplitude in (4.14). This completes
our illustration of the equality between the tree level S-matrix elements involving one arbi-
trary closed string and two arbitrary open strings in the OSFT and the corresponding disk
level S-matrix elements in perturbative string theory.
It has been shown in [10] that the S-matrix element of four tachyons in the OSFT is
identical to the corresponding amplitude in perturbative string theory. Making use of the
strategy utilized in the present paper, one can extend that equality to the S-matrix element
of four arbitrary open string states.
Finally, one may try to extend the S-matrix element of one closed and two open strings
to the off-shell physics using the method in [11]. The important point is that only open
14
string states can be extended to the off-shell. It is of interest to investigate such an off-shell
extension. It would also be interesting to study higher point functions involving the closed
string operators.
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